Abstract. A set of lines in R n is called equiangular if the angle between each pair of lines is the same. We derive new upper bounds on the cardinality of equiangular lines. Let us denote the maximum cardinality of equiangular lines in R n with the common angle arccos α by M α (n). We prove that M 1
Introduction
A set of lines in n dimensional Euclidean space R n is called equiangular if the angle between each pair of lines is a constant θ. The constant θ is called the common angle of the equiangular lines. Estimating the maximum size of equiangular lines in R n is one of the classical problems in discrete geometry. Let us denote the maximum cardinality of equiangular lines in R n by M(n). The study on M(n) can be traced from Haantjes in 1948 [13] . After around seven decades research, people only know the answer of M(n) up to n = 43. Recent progress on M(n) can be found in [16, 15, 7] and their references. Lemmens and Seidel [16] solved M(n) for most values of n if n ≤ 23. Barg and Yu [7] used semidefinite programming (SDP) method to extend the results to 24 ≤ n ≤ 41 and n = 43. Therefore, people know the what is the maximum size of equiangular lines in R n up to n ≤ 43, however for n = 14, 16, 17, 18, 19, 20 and 42 are still open. We summarize the known lower and upper bounds for those open cases in the Table 1 . For n = 14 and 16, the upper bounds are improved in [12] , proving no 30 equiangular lines in R 14 and no 42 equiangular lines in R 16 . For n = 19 and 20, the upper bounds are improved in [20] , proving no 76 equiangular lines in R 19 and no 96 equiangular lines in R 20 due to the nonexistence of some strongly regular graphs [1, 2] . For α ∈ [0, 1), let us denote the maximum cardinality of equiangular lines in R n with the common angle arccos α by M α (n). Most of the cases, the upper bounds on the size of equiangular lines are obtained from semidefinite programming method by convex optimization toolkits (CVX) for given dimension and angle, therefore we only can obtain the results for finitely many dimensions. However, our main result Theorem 1.1 can obtain new upper bounds of equiangular lines for infinitely many dimensions. Theorem 1.1 is derived from solving relaxation of symbolic semidefinite programming problems. Also, the bounds can be derived from hand calculation without using any convex optimization software in computer. Theorem 1.1. Let us choose a ≥ 3, for any n ∈ N in the interval a 2 − 2 ≤ n ≤ 3a 2 − 16 and then
If the dimension n = a 2 −2, then the main theorem will obtain upper bounds n(n + 1)/2 which is nothing but Gerzon's bound [16] . However, the same values will remain the upper bounds for dimension n at least to dimension n = 3a 2 − 16. Let us use the Table 2 to demonstrate our results for smaller dimensions.
We observe this pattern form the Table 3 in Barg-Yu [7] and eventually we prove that the pattern is true in general to infinitely many dimensions n. Moreover, the table in King-Tang [14] experimentally verify our main results for n ≤ 400.
A set of unit vectors S = {x 1 , x 2 , ...} ⊂ R n is called a spherical two-distance set if x i , x j ∈ {a, b} for some a, b and all i = j. To determine maximum size of a spherical two-distance set in R n is a classical problem in discrete geometry. Recent progress on this topic can be found in [17, 6] . Currently, we know the maximum size of spherical two-distance sets in R n for n ≤ 93 except for n = 46 and 78 [6] . We extend the results up to n = 417
for 7 ≤ n ≤ 417 except for n = 22, 46, 78, 118, 166, 222, 286 and 358 which are all square of odd integers minus three, i.e. n = (2k + 1)
In section 2, we will discuss some known results for equiangular lines and review the semidefinite programming method on equiangular lines. We take the relaxation of matrix inequality and solve the semidefinite programming problems to prove Theorem 1.1. Section 3, we will review historic results of spherical two-distance sets. We use the bounds for equiangular lines in R n+1 to offer upper bounds for spherical twodistance sets in R n and then prove Theorem 1.2. In section 4, we will have some discussions, remarks and conjectures.
New bounds for equiangular lines in R n
We review some known results of equiangular lines here.
Therefore, we are more interested in the cases where 1/α is an odd integer.
Moreover, if equality holds, then the common angle θ = cos
and n = 2, 3 or (2k + 1)
Surprisingly, we only know four examples n = 2, 3, 7 and 23 to attain Gerzon bounds. Also, for next two candidates n = 47 and 79 are impossible to attain Gerzon bounds due to nonexistence of tight spherical 5-designs in R 47 and R 79 [5] . The link between equiangular lines and tight spherical 5-designs is discussed in [11] and [20, Theorem 4.2] .
Lemmens and Seidel [16, Theorem 3.6] showed that
in the cases where 1 − nα
This inequality is called the Lemmens-Seidel relative bound as opposed to the Gerzon absolute bound. Okuda and Yu [19] derived new relative bounds for equiangular lines. Consequently, that result proved the nonexistence of tight harmonic index 4-designs. For more details of harmonic index t-designs, one can check the references [8] , [9] . Barg and Yu [7] used SDP method to obtain better upper bounds than Gerzon bounds up to n ≤ 136. King and Tang [14] used classical pillar method in conjunction with SDP methods on spherical twodistance sets and equiangular lines in R n to improved the upper bounds up to n ≤ 400. If we fixed the angle θ, Bukh [10] proved that the size of equiangular lines is at most linear in the dimension. Later, Balla, Dräxler, Keevash and Sudakov [4] proved that there are at most 2n − 2 equiangular lines in R n for sufficiently large n and fixed angle θ. The motivation of this paper is that we observe the pattern of SDP bounds on the size of equiangular lines in Table 3 in [7] . The values of upper bounds 276, 1128, 3160 and 7140 strikingly show up so many times. We find that those numbers satisfy the formula
for n = 23, 47, 79 and 119 respectively and the values of n also satisfy the pattern (2k + 1) 2 − 2 for consecutive positive integers k = 2, 3, 4 and 5. We wonder that this pattern should be true even when n goes to infinity. Eventually, we prove it by solving relaxation of symbolic semidefinite programming problems. Our techniques are based on the semidefinite programming (SDP) methods for codes on the unit sphere introduced by Bachoc and Vallentin [3] . For most of cases to use SDP method, it is necessary to use optimization software. It should be emphasized that our theorem provides upper bounds for M 1/a (n) for arbitrarily large odd integers a and the proof can be followed by hand calculations without using any convex optimization software.
We define a family of polynomial functions called Gegenbauer poly-
We use symbols S n k (u, v, t) and Y n k (u, v, t) which are the same in [3] .
),
with h
where the sum is over all permutations on 3 elements. We also define
for each x = (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) ∈ R 6 and α, β ∈ [−1, 1). We follow the SDP method to obtain upper bounds on the size of equiangular lines in R n .
. . , x 6 ) ∈ R 6 | x satisfies the following four conditions }.
(1)
. Surprisingly, we find that only S n 3 (x; a, −a) and S n 1 (x; a, −a) are crucial to prove Theorem 1.1. Also, we know that if a matrix is positive semidefinite, then all the diagonal entries of this matrix are positive. We take the relaxation of the constraints in Theorem 2.3 as follows : W (X) is positive semidefinite, (S It is not hard to see that Theorem 2.6 is equivalent to Theorem 1.1.
Proof. We know that M a (n) is an increasing function for n, i.e. if
, then the statement of Theorem 2.6 is true. Therefore, we replace n = For simplicity we put A = (x 1 + x 2 )/3, B = x 3 + x 5 and C = x 4 + x 6 .
The condition (2), (3), and (4) are exactly (S n 3 ) 1,1 ≥ 0, (S n 1 ) 1,1 ≥ 0 and det W ≥ 0, respectively. We choose suitable t, where t =
Then, we use (4) to replace B + C to A(A − 1).
new bounds for spherical two-distance sets
A set of unit vectors S = {x 1 , x 2 , ...} ⊂ R n is called a spherical two-distance set if x i , x j ∈ {a, b} for some a = b and for all i = j. The study of spherical two-distance set can be traced from Delsarte, Goethals and Seidel in 1977 [11] . Estimating the maximum size g(n) of such a set is a classical problem in distance geometry that has been studied for several decades. Equiangular lines also can be regarded as a special type (b = −a) of a spherical two-distance set.
We begin with an overview of known results. A lower bound on g(n) is obtained as follows. Let e 1 , . . . , e n+1 be the standard basis in R n+1 . The points e i + e j , i = j form a spherical two-distance set in the plane x 1 + · · · + x n+1 = 2 (after scaling), and therefore (5) g(n) ≥ n(n + 1)/2, n ≥ 2.
The first major result for upper bounds was obtained by Delsarte, Goethals, and Seidel [11] . They proved that, irrespective of the actual values of the distances, the following harmonic bound holds true:
They also showed that this bound is tight for dimensions n = 2, 6, 22 in which cases it is related to sets of equiangular lines in dimension n + 1. Moreover, if a spherical 2-distance set attains above bound, then it forms a tight spherical 4-design [11] . The results of tight spherical 4-designs by Bannai et al. [5] , and Nebe and Venkov [18] imply that g(n) can attain the harmonic bound only if n = (2k + 1) 2 − 3, k ≥ 1 with the exception of an infinite sequence of values of k that begins with k = 3, 4, 6, 10, 12, 22, 38, 30, 34, 42, 46.
Musin used the linear programming method to obtain maximum size of spherical two-distance sets in R n for 7 ≤ n ≤ 39 except n = 23 [17] .
Moreover, g(23) = 276 or 277.
Barg and Yu used SDP mothods to extend the results up to n ≤ 93. In particular, they proved g(23) = 276. We summerize the results as follows.
Theorem 3.2. [6] (Barg-Yu)
We have g(2) = 5, g(3) = 6, g(4) = 10, g(5) = 16, g(6) = 27, g(22) = 275, g(n) = n(n + 1)/2, 7 ≤ n ≤ 93, n = 22, 46, 78. (7) The exact answers for g(n) remain open for n = 46, 78 and n ≥ 94. Strikingly, in this paper we extend the results up to n = 417. We know most values of g(n) if n ≤ 417. g(n) = n(n + 1) 2 for 7 ≤ n ≤ 417, except n = 22, 46, 78, 118, 166, 222, 286, 358 which are all square of odd integers minus three, i.e. n = (2k + 1) 2 − 3 for k = 2, 3, · · · , 9.
Proof. To proof Theorem 1.2, we require two lemmas as follows. if a + b < 0. In [6] , Barg and Yu used SDP method and nontrivial convex optimization toolkit (SOSTOOL) to obtain the rigorous upper bounds for a + b < 0 case. However, we offer another point of view to deal with it. We thank Alexey Glazyrin who suggested us to use bounds for equiangular sets in order to get bounds for twodistance sets. In short, the maximum size of equiangular lines in R n+1 , M(n + 1) offers an upper bound for a spherical two-distance set in R n when a + b < 0.
Lemma 3.5. [11]
If S is a spherical two-distance set in R n with a+b < 0, then it leads to equiangular lines with size |S| in R n+1 .
Proof. Let S = {x 1 , x 2 , · · · } with x i , x j = a, or b if i = j, and a + b < 0. Also, all of the x i are unit vectors in R n . We can define constant R and θ such that
where R > 1, since a + b < 0. Then, we define Y = {y 1 , y 2 , · · · } and y i = (
By Lemma 3.4 and Lemma 3.5, we have
One can check the table in [14] for the upper bounds of equiangular lines in R n for 44 ≤ n ≤ 400 in conjunction with the table in [7] for n ≤ 139. Then, we can find that M(n + 1) ≤ n(n+1) 2 for 7 ≤ n ≤ 400, except n = 22, 46, 78, 118, 166, 222, 286, 358 which are all square of odd integers minus three. Furthermore, if we follow Theorem 5 and 6 in [14] and use CVX to calculate SDP bounds for equiangular lines and required spherical two-distance sets, we can extend the results up to n = 417. The reason to stop at n = 417 is that the SDP bound for M1
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(419) = 88808 which is greater than 419 * 418 2 = 87571. So, we have nice upper bound for equiangular lines up to n = 418 and then we can obtain the result for g(n) up to n = 417. We list the experimental results for n = 401 to 419 in Table 3 which is not listed in [14] . Table 3 . 4. discussion and future work
As we can see the pattern of maximum spherical two-distance set, most of the cases, g(n) = n(n+1) 2
. Therefore, we have a conjecture for g(n).
At least this conjecture is true for n ≤ 417 since Theorem 1.2 holds. We also have some clues to prove conjecture 4.1. We check the table of upper bounds of equiangular lines in [14] and see that in general case, the upper bound is n(n+1) 2
for n = (2k +1) 2 −2 for some positive integer k.
Theorem 4.2. [14]
For 44 ≤ n ≤ 400, the upper bound of maximum number of equiangular lines in R n is 
where k is the largest positive integer such that (2k + 1) 2 − 2 ≤ n.
Notice that for the case A, the bounds are attained by the relative bounds (1) in R n for the angle cos
. For case B, the bounds are attained for angle cos
. We notice that the relative bound is increasing by dimension n when angle is fixed.
1−na 2 is the relative bound for equiangular lines in R n , with common angle cos −1 a, then f is an increasing function for dimension n when the angle is fixed and also an increasing function for a, when the dimension n is fixed.
Proof.
≥ 0 for all a < 1 and n ∈ N.
(1−na 2 ) 2 ≥ 0 for all a < 1 and n ∈ N. When dimension n is given, there exists an unique k ∈ N such that (2k + 1) 2 − 2 ≤ n < (2k + 3) 2 − 2. By Lemma 4.3, we check the case n = (2k + 3) 2 − 3 which is the largest dimension for (2k + 1) 2 − 2 ≤ n < (2k + 3) 2 − 2. Then, its upper bound dominates all the bounds in case A for fixed k. Therefore,
The case A bound is 8 3 (2k 2 + 6k + 3)(k + 1)(k + 2) which is smaller than case B upper bound (4k 2 + 4k − 1)(2k 2 + 2k) when k ≥ 9 i.e. n = 438. Therefore, the case A will not offer the upper bounds for M(n) when n is bigger enough.
where k is the unique positive integer such that (2k + 1)
That is said starting from n k = (2k + 1) 2 − 2 for some k ∈ N, there will be a long range of dimensions n having the same upper bounds for equiangular lines for any angle.
The motivation of this conjecture is that we believe that M α (n) is an unimodal distribution and the single highest value occurs at the angle cos . Therefore, we only need to take care of M α (n) if α > (n) have been estimated in [14] . For larger n, the estimates on M1
5
(n) require the upper bounds of spherical two-distance sets in R n with inner product 1/13 and −5/13. The best known bounds are obtained by SDP method in convex optimization software for given n. Therefore, when n is big, we have no clues. However, in [4] , they proved that for fixed angle the size of equiangular lines in R n is at most 2n − 2 if n is large enough. It looks like close to prove this conjecture. However, the bounds in [4] required the angle fixed. If n increases then so does k in Conjecture 4.4.
It is well-known that the existence of tight spherical 5-designs in R n is equivalent to the existence of equiangular lines attaining Gerzon bound [11, 20] . Therefore, we like to emphasize that if we can have any new examples of tight spherical 5-designs, then a corollary of our Theorem 1.1 will obtain M(n) for large values of n. For instance, if n = 119, there exists a tight spherical 5-design in R n , then it will give arise to 7140 equiangular lines in R n . In conjunction with our Theorem 1.1, we will know that M(n) = 7140 for 119 ≤ n ≤ 347. More than two hundred dimensions of maximum equiangular lines problems will be solved. This phenomenon stays true for all n = (2k + 1) 2 − 2 for some k ∈ N.
